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Abstract 

In this paper we prove existence and uniqueness of solutions to the 
nonlocal parabolic problem 

iE - A p u = A-tllk- in Ox]0, T [, 

dt (L fMdx) 

which generalizes the electric heating problem of a conducting body. 
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1 Introduction 


In this paper we study the existence and uniqueness of bounded solutions for 
the following nonlocal parabolic problem: 


du 

~dt 


— A p u = A 


f(u) 


(In f( u ) dx ) 


2 > 


in Hx]0, T [, 


u = 0 on <9fix]0, T [, 
m(0) = uq in Q, 


(1) 


where A p = div{— |Vu| p_2 Vm); p > 2; T > 0; Cl C 1^, N > 1, is a regular 
bounded domain; A a positive parameter; and / a function from K to 1 with 
prescribed conditions. 

For p = 2, A p is reduced to the usual Laplacian operator, and problem CD 
serves as a model for the well-known and important thermistor problem, where u 
is the temperature inside a conductor see e.g. (Lacey, 1995a; Lacey, 19956; Be- 
bernes and Lacey, 1997; Tzanetis, 2002). This problem is very important in 
industry and engineering applications, and has attracted attention in the liter¬ 
ature over the last decade, from both the experimental and theoretical point of 
views: see (Antontsev and Chipot, 1994; Allegretto et al. , 1999; El Hachimi and 
Sidi Amrni, 2002; Gonzalez Montesinos and Ortegon Gallego, 2002; El Hachimi 
and Sidi Ammi, 2005; Kutluay and Esen, 2005) and references therein. 

Our main result is a proof of the global existence and uniqueness of solutions 
of problem ID. The result is a generalization of (Lacey, 1995 a; Lacey, 19956; 
Tzanetis, 2002; El Hachimi and Sidi Ammi, 2005) to the general p-Laplacian 
case, p > 2. For the particular case p = 2, the result is obtained in (El Hachimi 
and Sidi Ammi, 2005), but under somehow less restrictive assumptions on the 
data of the problem: Theorem [D does not impose restrictions on a, while in 
(El Hachimi and Sidi Ammi, 2005) it is assumed that a < jrio, N > 2. 


2 Existence and uniqueness 

The definition of solution for problem ID is understood in the standard way. 
Definition 1 We say that u is a solution of m if, and only if, 
u e L°°(t, +oo, W 0 1 ,p (fi) n L°°(ft)) 

with £ L 2 (t,+oo,L p (fl)) for any r > 0, and the following equation is 
satisfied for all <p £ C°°((0, oo), fl): 

[ [ — \\/u\ p ~ 2 Vu\/(/)dxdt = [ ( -—- 5 - f f(u)4>dx\dt. 

Jo Jn dt v v J 0 {(f n f( u )dx) 2 ] 

The main result of the paper is as follows. 
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Theorem 2 Let the hypotheses (HI) and (H2) be satisfied: 

(HI) f : R —> K is a locally Lipschitzian function; 

(H2) There exist positive constants c\, C 2 and a such that for all £ £ R 


o < /(£) < Cl|r + 1 +C2. 


Further, assume that uq £ L k ° +2 (Q) with 


k 0 > max 0 , 


N(a + 2 — p) 


( 2 ) 


P 


Then, there exists a constant do > 0 such that if ||wo||fc 0 +2 < do, the problem 
m admits a solution u verifying 


u £ + 00 , L ko+2 (Ll)), 

|w| 7 u £ L°°(t , + 00 , W 0 1 ,p (fi)), with 7 = — 


P 


for all t > 0. Moreover, if uq £ L°°(Q), then u £ L°°(r, + 00 , L°°(f2)) and u is 
unique. 

Remark 3 A value for do is given explicitly in the proof of Theorem ^ - cf. 

©• 

3 Proof of Theorem [2 

The existence is proved by the Faedo-Galerkin method. 

3.1 Existence 

Let w\,, w m ,... be a complete sequence of linearly independent elements of 
Hq(Q,). For each to, we define an approximate solution 


m 



of {T|l. where gj m are solutions of the following system of ordinary differential 
equations: 



(In f ( Um 



(3) 


j = 1 ,..., to , with the initial condition 


^m(O) — a orn , 


(4) 
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Uom being the orthogonal projection in Rg(fl) of uq on the space spanned 
by wi,.. ., w m . The initial-value problem 0-0 is equivalent to a linear 771- 
dimensional ordinary differential equation for the gj m - The existence and unique¬ 
ness of the (jj rn on a maximal interval [0, t m [ is obvious. We obtain the existence 
of a solution u for our problem 0 passing to the limit, asm-* oo. For that 
we need to derive a priori estimates on u m which guarantee that t m = T. This 
is done by Lemma [5] In order to prove it, we employ an inequality due to 
Ghidaglia. 

Lemma 4 (Ghidaglia inequality) Let y be a positive absolutely continuous 
function on ( 0 , +oo) which satisfies 

y' + ry" < s , 

with v > 1,7 > 0 and S > 0. Then, 

y(t) < + ( 7 ( 7 / - 1 )i) - T^rr , 

for all t > 0, 

Proof of Lemma0|can be found in (Temam, 1997). 

Lemma 5 For any r > 0, there exist constants Cs(t) and c^{t) such that for 
all t > t 

\\Um(t)\\ko+2 < c 3 (t) , ( 5 ) 


\\u m (t)\\oo < C4 (t) . 


( 6 ) 


Remark 6 Throughout the paper we denote by Ci different positive constants, 
which depend on the data of the problem, but not on m. 


Proof. Multiplying the equation 0 by integrating on ft, sum¬ 

ming up for j = 1,..., m and using (H1)-(H2), yields 

kTiJtW^Wktl + < CB||« m ||^ + c 6 . (7) 

By using condition 0 on ko and well-known Sobolev’s and Gagliardo-Nirenberg’s 
inequalities, we obtain 


C7||Wm|| fco+2 


\MUmVu m \\l + Ce > 


I kQ-\-2 


{ho + v) p 

Using the compatibility condition on uq 

( 4 

ll u o||fc 0 +2 < 


ko + 2 dt m|lfc °+ 2 


c 7 (fco +p) p 


— do , 


( 8 ) 
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and the continuity of u m , there exists a small r > 0 such that 


+c 8 nv(Kr Uro )ii£ < c 6 (9) 

for all 0 < t < r. Setting 

y ko (t) = \\UmWttl 

and using the Poincare and Holder inequalities on the left side of ©, there exist 
two constants 7 > 0 and S > 0 such that 


dyk 0 

dt 


+ m„° 


< 5 


for all 0 < t < t. Note that for p > 2 we have > 1. Estimate © follows 
from Lemma 0] 

The proof of © is similar to the proof of inequality (2.4) in (El Hachimi 
and Sidi Ammi, 2005), and is given here for completeness. By using Holder’s 
inequality, we get 

hmWtXlXl < , ( 10 ) 


with 9 \, 02 and 63 satisfying 


0i 02 03 

k -\- 2 &o T 2 q 


and 


0 i + 0 2 + 0 3 = k + a + 2. 


Moreover, we require 

_A_ + 03 = 1 . 

k + 2 p(y + l) 

Using the boundedness of ||u m ||fc 0 + 2 , the choice of q, Sobolev and Young’s in¬ 
equalities and relation CB9. we derive 


P“ 

2 (k + p)P 


IVlUr, 


2 

2 ! 


where O 4 is some positive constant. Hence © becomes 

j^j t \\ u m\\ k kXl + < c 13 (k + p) e *\\u m \\lXl + C 6 . 

Therefore, by applying Lemma 4 of (Filo, 1990), we conclude ©. ■ 
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Multiplying the jth equation of system @ by gj m (t), summing these equa¬ 
tions for j = 1 ,..., to and integrating with respect to the time variable, we 
deduce the existence of a subsequence of u m such that 

u m —► u weak star in L°°(0, T; L 2 (fi)), 
u m —► u weak in L 2 (0,T; WQ ,p (f2)), 

u m t —> Ut weak in L 2 (0, T; W~ 1,p (fl)), 
u m —► u strongly in L p (0, T; L p (Tl)). 

Standard compactness and monotonicity arguments allow us to assert that u is 
a solution of problem ©• 


3.2 Uniqueness 

Let Mi and U 2 be two weak solutions of problem m, and define w = u\ — U 2 - 
Subtracting the equations verified by u\ and 112 , we obtain: 


dw 

dt 


(A p u 2 - A p ui) = 


+ A 


M/(m) ~ f(u 2)) 

(Inf( u i)dx ) 2 

(fn f( u 2) ~ f( u 1) dx ) (In /( M 2) + /(»i) rfx) 
(fnf(' u i ) dx ) 2 (jfi/Mda :) 2 


/(« 2 ) ■ 


Taking the inner product of last equation by w and using (HI), itHll . and the 
nronotonicity of the p-Laplacian, we get 


^IKt)ll2<ci4lk(t)||i, 

which implies that w = 0. Hence, the solution is unique. 


4 Absorbing sets and attractors 

We denote by {S(t),t > 0} the continuous semi-group generated by iJTJl and 
defined by 

S{t) : L°°{n) L°°(n) 

u 0 —> S(t)u 0 = u(t, 

Using the techniques of R. Temam (Temarn, 1997), we prove existence of 
attractors. 

Theorem 7 The semigroup S(t), associated with the problem |7|i . possesses a 
maximal attractor A which is bounded in Wq’ p (H), compact and connected in 
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Proof. Inequality © implies that there exists an absorbing set in L k (fl), 1 < 
k < oo. We now prove the existence of an absorbing set in and the 

uniform compactness of the semigroup S(t). For this purpose, multiplying © 
by ), summing up from j = 1 to m, integrating over f l and using Holder 
inequality, one obtains that 


dllm 

~df 


1 9 ii 

p ot 


np 

11 


< Ci 5 


f(u m ) 


dllm 

~df 


< cie(r) + - 


du m 2 
dt 0 


We deduce that for all t > t 


du r . 


dt 


dt 


1 <'*(«) 


< ci 7 (r). 


Hence, 


^ll«m||^i,p (n )<Cl 7 (r), Vt > T . 


km hm\\l 


l' u m||^l,p(Q) — C 18 f \f( u m) u r, 


Multiplying © by g jm (t) we also have 

HP 

o’ P W 

< Cig(r). 

After integrating in t, we infer from the last equation m that 

rt+T 


'w^ p (n) 


< C2 o(t) Vt > r. 


( 11 ) 


( 12 ) 


(13) 


Using c n -c a , we can apply the uniform Gronwall Lemma (Temam, 1997, 
p. 89), and by the lower semi-continuity of the norm, we conclude that 


l|wm||^i,p (n ) < ^(r), Vt > r . 

It follows that the ball H(0,C2i(r)) of H / 0 1 ’ p (fl), centered at 0 and with radius 
C 2 i(r), is absorbing in Wq 1,p (S2). The assumption of Theorem 1.1.1 in (Temam, 
1997, p. 23) is satisfied, and the proof of Theorem Q is complete. ■ 


5 Conclusions and future work 

In this paper we prove existence and uniqueness for a p-Laplacian nonlinear 
system of partial differential equations of parabolic type, p > 2. For p = 2 
the problem is a model of the heat diffusion produced by the Joule effect in an 
electric conductor, and we recover the previously known existence, boundedness, 
and uniqueness results found in the literature for the thermistor problem. 

In a forthcoming work we will investigate the possibility to prove more reg¬ 
ularity results of the solution of the problem, by imposing more restrictive as¬ 
sumptions on the data. The question is nontrivial due to the nonlinear nature 
of the problem, as shown in (Xu, 2004) for p = 2. 


7 


















Acknowledgment 

M. R. Sidi Ammi acknowledges the support of FCT (The Portuguese Foundation 
for Science and Technology), fellowship SFRH/BPD/20934/2004. 


References 

Allegretto, Walter, Yanping Lin and Aihui Zhou (1999). A box scheme for coupled sys¬ 
tems resulting from microsensor thermistor problems. Dynam. Contin. Discrete 
Impuls. Systems 5(1-4), 209-223. Differential equations and dynamical systems 
(Waterloo, ON, 1997). 

Antontsev, S. N. and M. Chipot (1994). The thermistor problem: existence, smooth¬ 
ness uniqueness, blowup. SIAM J. Math. Anal. 25(4), 1128-1156. 

Bebernes, J. W. and A. A. Lacey (1997). Global existence and finite-time blow-up for 
a class of nonlocal parabolic problems. Adv. Differential Equations 2(6), 927-953. 

El Hachimi, Abderrahmane and Moulay Rchid Sidi Ammi (2002). Existence of weak 
solutions for the thermistor problem with degeneracy. In: Proceedings of the 2002 
Fez Conference on Partial Differential Equations. Vol. 9 of Electron. J. Differ. 
Equ. Conf.. Southwest Texas State Univ.. San Marcos, TX. pp. 127-137 (elec¬ 
tronic) . 

El Hachimi, Abderrahmane and Moulay Rchid Sidi Ammi (2005). Existence of global 
solution for a nonlocal parabolic problem. Electron. J. Qual. Theory Differ. Equ. 
pp. no. 1, 9 pp. (electronic). 

Filo, J (1990). L°°-estimate for nonlinear diffusion equation. Applicable Analysis 
37(4), 49-61. 

Gonzalez Montesinos, M. T. and F. Ortegon Gallego (2002). The evolution thermis¬ 
tor problem with degenerate thermal conductivity. Commun. Pure Appl. Anal. 
1(3), 313-325. 

Kutluay, S. and A. Esen (2005). Numerical solutions of the thermistor problem by 
spline finite elements. Appl. Math. Comput. 162(1), 475-489. 

Lacey, A. A. (1995a). Thermal runaway in a non-local problem modelling Ohmic 
heating. I. Model derivation and some special cases. European J. Appl. Math. 
6(2), 127-144. 

Lacey, A. A. (19956). Thermal runaway in a non-local problem modelling Ohmic heat¬ 
ing. II. General proof of blow-up and asymptotics of runaway. European J. Appl. 
Math. 6(3), 201-224. 

Temam, Roger (1997). Infinite-dimensional dynamical systems in mechanics and 
physics. Vol. 68 of Applied Mathematical Sciences, second ed.. Springer-Verlag. 
New York. 

Tzanetis, Dimitrios E. (2002). Blow-up of radially symmetric solutions of a non-local 
problem modelling Ohmic heating. Electron. J. Differential Equations pp. No. 11, 
26 pp. (electronic). 

Xu, Xiangsheng (2004). Local regularity theorems for the stationary thermistor prob¬ 
lem. Proc. Roy. Soc. Edinburgh Sect. A 134(4), 773-782. 



